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A B S T R A C T

This paper proposes a novel multi-unmanned aerial vehicle (UAV) connectivity preservation controller, suitable
for scenarios with bounded actuation and limited communication range. According to the hierarchical control
strategy, controllers are designed separately for the position and attitude subsystems. A distributed position
controller is developed, integrating an indirect coupling control mechanism. The innovative mechanism
associates each UAV with a virtual proxy, facilitating connections among adjacent UAVs through these
proxies. This structuring assists in managing the actuator saturation constraints effectively. The artificial
potential function is utilized to preserve network connectivity and fulfill coordination among all virtual proxies.
Additionally, an attitude controller designed for finite-time convergence guarantees that the attitude subsystem
adheres precisely to the attitude specified by the distributed position controller. Simulation results validate
the efficacy of this distributed formation controller with connectivity preservation under bounded actuation
conditions. The simulation results confirm the effectiveness of the distributed connectivity preservation
controller with bounded actuation.
1. Introduction

Over the past two decades, the deployment of unmanned aerial
vehicles (UAVs) has seen significant growth across both military and
civilian sectors [1]. The evolution of multiple UAV systems has emerged
as an inevitable trend, driven by their potential applications in diverse
fields, such as power grid system inspection, forest fire monitoring,
search and rescue, crop monitoring, and more [2–7]. Research on the
formation control of multiple UAVs has been increasing, highlighted
by a notable shift from centralized to distributed control methodolo-
gies [8,9]. However, the distributed control of multiple UAVs presents
a formidable challenge due to the constraint that each UAV can only
access information from its neighboring counterparts.

The communication network should constantly or intermittently
be connected to realize distributed control of multiple UAVs. Due
to the limited communication range and the relative movements be-
tween UAVs, the network’s connectivity can be destroyed in practice.
Therefore, it is essential to consider network connectivity preservation
when designing the distributed control of multiple UAVs. Researchers
have explored connectivity preservation controllers within multi-agent
systems [10–13]. Connectivity preservation methods can be classified
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into two types: global and local [14]. In global methods, connec-
tivity is preserved by maximizing algebraic connectivity, a metric
used to measure connectivity [15–17]. Local methods preserve the
communication network’s connectivity by facilitating the exchange
of individual position and velocity information between neighboring
agents [18,19]. Most of these methods are implemented using artificial
potential functions [20,21]. The problem of connectivity preservation
for multiple UAVs differs from that of multi-agent systems in two
ways. Firstly, while the majority of connectivity preservation control
studies in multi-agent systems focus on achieving consensus, the UAV
formation issue with connectivity preservation constraints tackles the
challenges of formation control. Secondly, while multi-agent systems
are generally modeled as linear systems, UAV formation models are
nonlinear, adding complexity to the challenge of preserving connectiv-
ity in UAV formations. Recently, a study was conducted on a system
of multiple quadrotor UAVs to investigate formation control, collision
avoidance, and connectivity preservation [22].

When controlling UAVs in practical scenarios, it is crucial to take
into account the capabilities of their motors. Specifically, we need to
consider the maximum lift force each motor can generate, known as the
https://doi.org/10.1016/j.isatra.2024.06.021
Received 14 November 2023; Received in revised form 24 June 2024; Accepted 24
vailable online 28 June 2024 
019-0578/© 2024 Published by Elsevier Ltd on behalf of ISA. 
June 2024

https://www.elsevier.com/locate/isatrans
https://www.elsevier.com/locate/isatrans
mailto:xhxue@xaut.edu.cn
mailto:binyuan@stu.xaut.edu.cn
mailto:yiym@xaut.com
mailto:ymzhang@encs.concordia.ca
mailto:xkyue@nwpu.edu.cn
mailto:lingxiamu@xaut.com
https://doi.org/10.1016/j.isatra.2024.06.021
https://doi.org/10.1016/j.isatra.2024.06.021
http://crossmark.crossref.org/dialog/?doi=10.1016/j.isatra.2024.06.021&domain=pdf


X. Xue et al.

q

w

w
r

𝑹

w
s

d
o
c

𝑇

a

𝑚

R
n
U
d
o
a
w
i
t
E
a
d
l

v
d

𝐽

w
𝐾
𝑙
e
f
r

2

p

g
i

ISA Transactions 152 (2024 ) 28–37 
system’s ‘‘bounded actuation’’. It is crucial to ensure that the control al-
gorithm does not generate outputs that exceed this bounded actuation.
To prevent overloading the motors, we often use saturation functions
that limit the control inputs for one or more UAVs [23]. Backstepping
control is commonly used to solve input saturation problems for a single
UAV [24–26]. Eliker et al. developed a UAV input saturation controller
using a sliding mode controller and a backstepping method with a
saturation compensator [27]. Literature [28] implemented an adap-
tive finite-time control law and constructed an improved hyperbolic
function-assisted dynamical system to tackle the issue of input satu-
ration, allowing for the finite-time convergence of tracking errors. De-
spite these advances, studies on connectivity preserving control under
conditions of input saturation remain rare in the existing literature.

The current challenge is to develop distributed controllers for UAVs
while ensuring both connectivity preservation and bounded actuation.
Inspired by the literature [29–31], this paper presents a distributed
controller with connectivity preservation under bounded actuation and
limited communication distances. In line with the hierarchical control
strategy, separate controllers are designed for the position and attitude
subsystems. A distributed position controller is developed, integrating
an indirect coupling control mechanism. The innovative mechanism
associates each UAV with a virtual proxy, facilitating connections
among adjacent UAVs through these proxies. These UAV–proxy cou-
plings are instrumental in managing the actuator saturation constraints.
The potential function comes into play to ensure network connec-
tivity and coordination among all the virtual proxies. To guarantee
the accurate following of the desired attitude set by the distributed
position controller, we develop an attitude controller with finite-time
convergence. The simulation results affirm the effectiveness of our
approach, demonstrating the successful operation of the distributed
connectivity preservation controller with bounded actuation.

The key contributions are summarized as follows:

(1) In this study, we develop a distributed formation control strategy
for a group of UAVs, which is fundamentally based on the bound-
ary barrier function. This method not only preserves the con-
nectivity of the topological network but also prevents collisions
between UAVs, all while taking into account the communication
distance constraint.

(2) Many studies have only considered either the multiple UAVs
connectivity preservation problem or the multiple UAVs input
saturation control problem individually, while very few stud-
ies have considered both at the same time. This study presents
a distributed controller indirect coupling mechanism. The pri-
mary goal of this approach is to tackle the challenges associated
with connectivity preservation and input saturation in multi-UAV
systems.

(3) We present a distributed formation control framework that com-
bines inner- and outer-loop control with virtual UAVs. This frame-
work is well suited to realize the distributed controllers in this
paper.

The structure of this paper is as follows: Section 2 outlines the
relative dynamics of UAV, the communication model, and the prob-
lem statement. Section 3.1 introduces the connectivity preservation
controllers for the positioning subsystem. In Section 3.2, we present a
finite-time attitude-tracking controller. Simulation results are presented
in 4. The study concludes with some final remarks in Section 5.

2. Problem statement

2.1. Dynamical model

This paper explores the issue of formation control for a group of 𝑁

uadrotor UAVs. Let us consider the inertial frame 𝐼 = {𝑂𝐼𝑥𝐼𝑦𝐼𝑧𝐼}, t

29 
ith its origin 𝑂𝐼 anchored at a certain point on the earth. The states
of a UAV are depicted as
(

𝑥𝑖, 𝑦𝑖, 𝑧𝑖, 𝜙𝑖, 𝜃𝑖, 𝜓𝑖
)𝑇 ∈ R6, 𝑖 ∈ 𝛤 ,

where 𝜱 = [𝜙𝑖, 𝜃𝑖, 𝜓𝑖]𝑇 denotes UAV 𝑖’s attitude relative to 𝐼 and
𝒑𝑖 = [𝑥𝑖, 𝑦𝑖, 𝑧𝑖]𝑇 refers UAV 𝑖’ position concerning 𝐼 .

(1) Position dynamics
The dynamics of UAV 𝑖 is modeled as [32]

𝑚𝑖𝒑̈𝑖 = −𝑚𝑖𝑔𝒆3 + 𝑇𝑖𝑹𝑖𝒆3, (1)

here 𝑚𝑖 denotes UAV 𝑖’ total mass, 𝒆3 = [0, 0, 1]𝑇 , 𝑔 = 9.81 m∕s2, 𝑇𝑖
epresents the total lift, the rotation matrix 𝑹𝑖 is given as follows

𝑖 =

⎡

⎢

⎢

⎢

⎣

𝜃𝑐𝑖 𝜓
𝑐
𝑖 𝜃𝑠𝑖 𝜓

𝑐
𝑖 𝜙

𝑠
𝑖 − 𝜓

𝑠
𝑖 𝜙

𝑐
𝑖 𝜃𝑠𝑖 𝜓

𝑐
𝑖 𝜙

𝑐
𝑖 + 𝜓

𝑠
𝑖 𝜙

𝑠
𝑖

𝜃𝑐𝑖 𝜓
𝑠
𝑖 𝜃𝑠𝑖 𝜓

𝑠
𝑖 𝜙

𝑠
𝑖 + 𝜓

𝑐
𝑖 𝜙

𝑐
𝑖 𝜃𝑠𝑖 𝜓

𝑠
𝑖 𝜙

𝑐
𝑖 − 𝜓

𝑐
𝑖 𝜙

𝑠
𝑖

−𝜃𝑠𝑖 𝜃𝑐𝑖 𝜙
𝑠
𝑖 𝜃𝑐𝑖 𝜙

𝑐
𝑖

⎤

⎥

⎥

⎥

⎦

, (2)

here 𝜃𝑐𝑖 = cos 𝜃𝑖, 𝜃𝑠𝑖 = sin 𝜃𝑖, 𝜓𝑐𝑖 = cos𝜓𝑖, 𝜓𝑠𝑖 = sin𝜓𝑖, 𝜙𝑐𝑖 = cos𝜙𝑖, 𝜙𝑠𝑖 =
in𝜙𝑖.

Eq. (1) shows that the position dynamics equation is attitude-
ependent, making it challenging to design a controller that simultane-
usly considers both position and attitude. Consequently, the attitude
an be replaced by a virtual control input [33]. Denote

𝑖𝑹𝑖𝒆3 ∶= 𝒖𝑖(𝑡), (3)

nd Eq. (1) can be rewritten as

𝑖𝒑̈𝑖 = −𝑚𝑖𝑔𝒆3 + 𝒖𝑖(𝑡). (4)

emark 1. The separation of attitude dynamics and position dy-
amics is facilitated by using Eq. (3). This results in the quadrotor
AV exhibiting inner-loop attitude dynamics and outer-loop position
ynamics. Through the use of this decoupling approach, the inner and
uter-loop dynamics can be independently managed. This separation
llows for the direct design of the controller based on dynamics Eq. (4),
hich supports the preservation of network connectivity and the real-

zation of the desired configuration. The desired lift and attitudes can
hen be determined based on Eq. (3), with the solution presented in
q. (25). Subsequently, an attitude-tracking controller is developed to
ccurately follow the specified attitude. Fig. 1 depicts the control block
iagram. The decoupling methodology is detailed in the referenced
iterature [33,34] and validated through experiments.

(2) Attitude dynamics
Similarly, the attitude angular 𝜱𝑖 = [𝜙𝑖, 𝜃𝑖, 𝜓𝑖]𝑇 and attitude angular

elocity 𝝎𝑖 = [𝜙̇𝑖, 𝜃̇𝑖, 𝜓̇𝑖]𝑇 are described in 𝐼 . The 𝑖th UAV’s attitude
ynamics can be modeled as follows:

𝐽𝑖,𝜙𝜙̈𝑖 = −𝐾𝑖,𝜙𝑙𝑖𝜙̇𝑖 + 𝑙𝑖𝜏𝑖,𝜙,

𝐽𝑖,𝜃 𝜃̈𝑖 = −𝐾𝑖,𝜃𝑙𝑖𝜃̇𝑖 + 𝑙𝑖𝜏𝑖,𝜃 ,

𝑖,𝜓 𝜓̈𝑖 = −𝐾𝑖,𝜓 𝜓̇𝑖 + 𝑐𝑖𝜏𝑖,𝜓 .

(5)

here 𝐽𝑖,𝜙, 𝐽𝑖,𝜃 , 𝐽𝑖,𝜓 ∈ R+ represents UAV 𝑖’s moments of inertia,
𝑖,𝜙, 𝐾𝑖,𝜃 , 𝐾𝑖,𝜓 ∈ R+ denotes the aerodynamic damping coefficients,
𝑖 ∈ R3 indicates the distance between the rotor shaft center and the
picenter of the UAV, 𝑐𝑖 ∈ R+ denotes a constant force-to-moment
actor, 𝜏𝑖,𝜙, 𝜏𝑖,𝜃 and 𝜏𝑖,𝜓 denote three control torques generated by the
otors.

.2. Communications model

The communication links among all UAVs can be represented as a
roximity graph based on distance. This proximity graph, denoted as
( , ), has a vertex set  = {1, 2,… , 𝑁} and an edge set  ⊂  ×  . A
raph  is called connected if there is a path between any two vertices
n  [35]. In this context, the vertex set represents the UAVs, and

he edge set symbolizes the communication links among them. The
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Fig. 1. The control block diagram of the decoupling framework.
d
t

𝑢

djacency matrix 𝑨() representing the connections between all UAVs
s provided as follows:

𝑖𝑗 (𝑡) =

{

1, if ‖𝒑𝑖𝑗 (𝑡)‖ ≤ 𝛥, 𝑖, 𝑗 ∈ 
0, otherwise

(6)

here 𝒑𝑖𝑗 (𝑡) = 𝒑𝑖(𝑡) − 𝒑𝑗 (𝑡), 𝛥 = 𝛥 − 𝜈 where 𝜈 > 0 is a tiny constant, 𝛥
enotes the communication distance of UAV 𝑖.

By using 𝑨(), the Laplacian matrix 𝑳() =
[

𝑙𝑖𝑗
]

∈ R𝑁×𝑁 can be
ritten as

𝑖𝑗 =

{

∑𝑁
𝑗=1 𝑎𝑖𝑗 , if 𝑖 = 𝑗

−𝑎𝑖𝑗 , otherwise.

The Laplacian matrix is crucial for designing distributed formation
ontrollers for multi-agent systems. We will utilize it to analyze the
onvergence of the proposed controller.

emark 2. Most traditional distributed formation control methods
ssume the communication network is always connected. However,
his paper considers the constraint of communication distance, where
he communication network is defined based on the relative distance
nd communication range between UAVs. As a result, the distance
onstraint must be addressed when designing a distributed formation
ontroller.

emark 3. In this paper, we select a distance 𝛥 slightly less than
the actual communication distance 𝛥 as the condition for establishing
the topology link. The purpose is to ensure that the control inputs,
subject to the actuator’s saturation constraints, preserve the network’s
connectivity.

Remark 4. In this paper, the number of edges is determined by
calculating the edges of the initial network. In the most conservative
scenario, where the topological network forms a complete graph, the
maximum value of 𝑀 equals 𝑁(𝑁−1)

2 .

.3. Control objectives

This paper develops a distributed control law that allows multiple
AVs to preserve the network’s connectivity and achieve the desired

ormation configuration, all within the constraints of bounded actu-
tion. The above two subsections introduce the dynamics and the
ommunication model of the network. To proceed, we must establish
he following reasonable assumptions.

ssumption 1. The graph (0) determined by the initial conditions is
onnected.
30 
Assumption 2. All UAVs have an initial velocity of zero, i.e., 𝒑̇𝑖(0) = 0.

Assumption 3. The desired configuration, 𝒑𝑑 , meets the following
conditions

‖𝒑𝑑𝑖 − 𝒑𝑑𝑗 ‖ < 𝛥,∀𝑖 ∈ {1,… , 𝑁}, 𝑗 ∈ 𝑖.

Assumption 4. The boundary of the saturation function can com-
pletely balance the gravity of each UAV 𝑚𝑖𝑔 in Eq. (4), i.e., 𝑢̄𝑖,𝑧 ≥ |𝑚𝑖𝑔|,
where 𝑢̄𝑖,𝑧 denotes the maximum allowed virtual control input for UAV
𝑖 in the upward direction.

Remark 5. From the results in [29,31] one knows Assumptions 1
and 4 is reasonable. Assumption 3, which guarantees the desired for-
mation is achievable, is also supported by [30] Preserving the con-
nectivity of a second-order system while using bounded control in-
puts, as described in equation ((4)), is generally considered infeasi-
ble. An example demonstrating this challenge can be found in [31].
Therefore, Assumption 2 is reasonable.

Remark 6. This paper sets the input saturation’s upper limit based
on the maximum virtual control force, which is derived from the upper
limit of the lift force. The lift force can be expressed as follows:

𝑇𝑖 = 𝑚𝑖
√

𝑢2𝑖,𝑥 + 𝑢
2
𝑖,𝑦 + 𝑢

2
𝑖,𝑧.

During horizontal formation, 𝑢𝑖,𝑧 + 𝑔 = 0, it can be obtained that

(
𝑇𝑖
𝑚𝑖

)2 = 𝑢2𝑖𝑥 + 𝑢
2
𝑖𝑦 + 𝑔

2. (7)

Assuming an equal maximum virtual control force in the horizontal
irection, the upper limit of the virtual control input correlates with
he upper limit of the lift as follows

̄𝑖,𝑥 = 𝑢̄𝑖,𝑦 =

√

𝑇̄ 2
𝑖 − 𝑚2

𝑖 𝑔2
√

2𝑚𝑖
. (8)

Hence, the limits of the virtual control force can be determined
based on the limits of the lift force. This allows the use of a virtual
control force with an upper limit instead of that of a real lift force.

The primary objectives of this study are as follows: (1) achieving
the desired formation configuration; (2) all UAV’s velocities converge
to zero; (3) the graph’s connectivity can be preserved; (4) the control
inputs meet the input saturation constraints. We have also added a
remark for the problem formulation. Based on the above introduction,
the problem is modeled as follows.
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Problem 1. Given the system (4) and the communication graph
described in (6) with Assumptions 1–4, design a distributed controller
𝒖𝑖 to reach the following objectives:

(1) the distances between UAVs converge to that of the desired
configuration, i.e., ‖𝒑𝑖𝑗 (𝑡)‖ → ‖𝒑𝑑𝑖 − 𝒑𝑑𝑗 ‖, (𝑖, 𝑗) ∈  .

(2) preserving the graph’s connectivity, i.e., ‖

‖

‖

𝒑𝑖𝑗 (0)
‖

‖

‖

< 𝛥, then
‖

‖

‖

𝒑𝑖𝑗 (𝑡)
‖

‖

‖

< 𝛥,∀𝑡 > 0, (𝑖, 𝑗) ∈  ,
(3) the velocities of UAVs reduce to zero, i.e., 𝒑̇𝑖(𝑡) as 𝑡 → ∞,
(4) the control inputs meet the input saturation constraints, i.e.,

‖𝒖𝑖‖ ≤ 𝒖̄𝑖.

Remark 7. In the problem description, we have only taken into
account positional dynamics. The solution to Problem 1 ensures that
the UAVs can realize the desired configuration when the actual control
inputs are equal to the virtual control inputs. The desired attitude is
calculated using the virtual control inputs. Finally, a finite-time attitude
controller is developed.

2.4. Related lemmas

For the controller design and stability analysis, the following lem-
mas are required.

Lemma 1 ([35]). The Laplacian matrix 𝑳() is positive semi-definite,
provided that graph  is connected.

Lemma 2 ([36]). Consider the following system

𝝃̇ = 𝑓 (𝝃) + 𝑓 (𝝃), 𝑓 (𝟎) = 0, 𝝃 ∈ R𝑛,

where 𝑓 (𝝃) is a continuous homogeneous vector field of degree 𝑘 < 0 with
respect to

(

𝑟1,… , 𝑟𝑛
)

, and 𝑓 satisfies 𝑓 (𝟎) = 0. Assume 𝝃 = 0 is an
asymptotically stable equilibrium of the system 𝝃̇ = 𝑓 (𝝃). Then 𝝃 = 𝟎 is
a locally finite-time stable equilibrium of the system if

lim
𝜀→0

𝑓𝑖
(

𝜀𝑟1𝜉1,… , 𝜀𝑟𝑛𝜉𝑛
)

𝜀𝑘+𝑟𝑖
= 0, 𝑖 = 1,… , 𝑛,∀𝝃 ≠ 𝟎.

3. Controller design

The design of the connectivity preservation controller includes two
components: a position controller with bounded actuation and an
attitude-tracking controller. Fig. 2 shows the working process of the
proposed connectivity preservation controllers.

3.1. Design of coordination controller for positional control with bounded
actuation

The formation controller is developed with an indirect coupling
framework: (1) Each UAV is equipped with a virtual proxy; (2) The
proxies establish connections reflecting the communication links be-
tween their respective UAVs.

Let 𝒑̂𝑖 denote the position of virtual proxy 𝑖, the dynamics is de-
signed as follows

𝒑̂𝑖(0) = 𝒑𝑖(0), ̇̂𝒑𝑖(0) = 0,

̈̂𝒑𝑖 = Sat𝑖
(

𝛼𝑖𝒑̃𝑖
)

−
𝑁
∑

𝑗=1
𝑎𝑖𝑗∇𝑖𝛹

(

‖𝒑̂𝑖𝑗‖
)

−
𝑁
∑

𝑗=1
𝑎𝑖𝑗

(

𝒑̂.𝑖 − 𝒑̂.𝑗
)

− 𝛽𝑖 ̇̂𝒑𝑖,
(9)

where 𝛼𝑖, 𝛽𝑖 and 𝜂𝑖 denote positive constants, Sat𝑖(𝒙) ∈ R3 is a function
that applies component-wise saturation to 𝒙 with upper bound 𝑢̄𝑖,𝑘, 𝑘 =
1, 2, 3. Then, the UAV–proxy error can be written as:

̃ ̂
𝒑𝑖 = 𝒑𝑖 − 𝒑𝑖 (10)

31 
The distance-based bounded potential function 𝛹
(

‖

‖

‖

𝒑̂𝑖𝑗
‖

‖

‖

)

is pre-
sented as:

𝛹
(

‖

‖

‖

𝒑̂𝑖𝑗
‖

‖

‖

)

=

⎧

⎪

⎨

⎪

⎩

𝑃𝛹𝑓
(

‖

‖

‖

𝒑̂𝑖𝑗
‖

‖

‖

)

, if ‖𝒑̂𝑖𝑗‖ ∈
[

0, 𝑑𝑖𝑗
]

𝑃𝛹 𝑐
(

‖

‖

‖

𝒑̂𝑖𝑗
‖

‖

‖

)

, if ‖𝒑̂𝑖𝑗‖ ∈
[

𝑑𝑖𝑗 , 𝛥
]

(11)

here the formation potential function 𝛹𝑓
(

‖

‖

‖

𝒑̂𝑖𝑗
‖

‖

‖

)

and the connectivity

reservation potential function 𝛹 𝑐
(

‖

‖

‖

𝒑̂𝑖𝑗
‖

‖

‖

)

are designed as

𝑓
(

‖

‖

‖

𝒑̂𝑖𝑗
‖

‖

‖

)

=

(

‖

‖

‖

𝒑̂𝑖𝑗
‖

‖

‖

− 𝑑𝑖𝑗
)2 (

𝛥 − ‖

‖

‖

𝒑̂𝑖𝑗
‖

‖

‖

)

‖

‖

‖

𝒑̂𝑖𝑗
‖

‖

‖

+
𝑑2𝑖𝑗

(

𝛥−‖‖
‖

𝒑̂𝑖𝑗
‖

‖

‖

)

𝑄

,

𝛹 𝑐
(

‖

‖

‖

𝒑̂𝑖𝑗
‖

‖

‖

)

=

‖

‖

‖

𝒑̂𝑖𝑗
‖

‖

‖

(

‖

‖

‖

𝒑̂𝑖𝑗
‖

‖

‖

− 𝑑𝑖𝑗
)2

(

𝛥 − ‖

‖

‖

𝒑̂𝑖𝑗
‖

‖

‖

)

+
‖

‖

‖

𝒑̂𝑖𝑗
‖

‖

‖

(𝛥−𝑑𝑖𝑗 )2

𝑄

,

where 𝛥 = 𝛥 − 𝜖, 𝜖 > 0 is a small constant. 𝑑𝑖𝑗 is the desired distance.
, 𝑄 are the potential function coefficients.

emark 8. It can be straightforwardly established that the potential
unction 𝛷 exhibits a monotonic increase when ‖𝒑̂𝑖𝑗‖ ∈ (𝑑𝑖𝑗 , 𝛥), and a
onotonic decrease when ‖𝒑̂𝑖𝑗‖ ∈ (0, 𝑑𝑖𝑗 ). Consequently, the potential

unction achieves its minimum value when ‖𝒑̂𝑖𝑗‖ = 𝑑𝑖𝑗 .

emark 9. To ensure that ‖‖
‖

𝒑𝑖𝑗
‖

‖

‖

falls within the range (0, 𝛥] for every
dge (𝑖, 𝑗) in the edge set  , it suffices that the following conditions are
et:

𝒑̂𝑖𝑗
‖

‖

‖

≤ 𝛥, ‖

‖

𝒑̃𝑖‖‖ ≤ 𝜖∕2, ‖

‖

‖

𝒑̃𝑗
‖

‖

‖

≤ 𝜖∕2.

where ‖

‖

‖

𝒑𝑖𝑗
‖

‖

‖

≤ ‖

‖

𝒑̃𝑖‖‖ +
‖

‖

‖

𝒑̂𝑖𝑗
‖

‖

‖

+ ‖

‖

‖

𝒑̃𝑗
‖

‖

‖

is employed.

emma 3 ([37]). Let 𝜆𝑖
(

𝒑̃𝑖
)

= ∫ 𝒑̃𝑖
0 Sat𝑖

(

𝛼𝑖𝝈
)𝑇 𝑑𝝈 represents the rela-

ionship between UAV 𝑖 and its virtual proxy, the following properties are
bserved:

(1) The function 𝜆𝑖
(

𝒑̃𝑖
)

is a convex.
(2) The function 𝜆𝑖

(

𝒑̃𝑖
)

attains its maximum value when ‖

‖

𝒑̃𝑖‖‖ = (𝜖∕2),
and its minimum value when ‖

‖

𝒑̃𝑖‖‖ = 0 in the domain of 𝐵(𝟎, (𝜖∕2)) =
{𝒑̃𝑖| ‖𝒑̃𝑖‖ ≤ (𝜖∕2)}, .

(3) If 𝜆𝑖
(

𝒑̃𝑖
)

≤ 𝜆min
𝑖 , where

𝜆min
𝑖 = min

𝒑̃𝑖
𝜆𝑖

(

𝒑̃𝑖
)

, s.t. ‖

‖

𝒑̃𝑖‖‖ = 𝜖
2
, (12)

then 𝒑̃𝑖 ∈ 𝐵(𝟎, (𝜖∕2)).

With the dynamics of the proxies, the distributed formation con-
troller is developed as follows

𝒖𝑖 = −Sat𝑖(𝛼𝑖𝒑̃𝑖) + 𝑚𝑖𝑔𝒆3. (13)

heorem 1. Consider the system defined in Eq. (4), giving the controller
13) with Assumptions 1–4. Let 𝑀 = |(0)|, and select 𝑄 and 𝑃 satisfy

≥𝑀𝛹 (𝛥), (14)

=
min𝑖=1,…,𝑁{𝜆min

𝑖 }
𝑄

. (15)

Then, Problem 1 is solved.

Proof. Design the following Lyapunov function

𝑉 = 𝑉1 + 𝑉2, (16)

where

𝑉1 =
1

𝑁
∑

(

𝒑̇𝑇𝑖 𝑚𝑖𝒑̇𝑖 + ̇̂𝒑𝑇𝑖 ̇̂𝒑𝑖
)

, (17)

2 𝑖=1
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Fig. 2. Working process of the proposed controllers.
Fig. 3. The communication graph  of the five UAVs.

𝑉2 =
1
2

𝑁
∑

𝑖=1

𝑁
∑

𝑗=1
𝑎𝑖𝑗𝛹

(

‖

‖

‖

𝒑̂𝑖𝑗
‖

‖

‖

)

+
𝑁
∑

𝑖=1
𝜆𝑖

(

𝒑̃𝑖
)

. (18)

Step 1: Analysis of stability
By differentiating Eq. (17) and using Eqs. (4), (9) and (13), one can

obtain

𝑉̇1(𝑡) =
𝑁
∑

𝑖=1
𝒑̇𝑇𝑖

[

−𝑚𝑖𝑔𝒆3 − Sat𝑖(𝛼𝑖𝒑̃𝑖) + 𝑚𝑖𝑔𝒆3
]

+
𝑁
∑

𝑖=1

̇̂𝒑𝑇𝑖

[

Sat𝑖
(

𝛼𝑖𝒑̃𝑖
)

−
𝑁
∑

𝑗=1
𝑎𝑖𝑗∇𝑖𝛹

(

‖𝒑̂𝑖𝑗‖
)

−
𝑁
∑

𝑗=1
𝑎𝑖𝑗

( ̇̂𝒑𝑖 − ̇̂𝒑𝑗
)

− 𝛽𝑖 ̇̂𝒑𝑖

]

= −
𝑁
∑

𝑖=1

̇̃𝒑𝑇𝑖 Sat𝑖(𝛼𝑖𝒑̃𝑖) −
𝑁
∑

𝑖=1

𝑁
∑

𝑗=1
𝑎𝑖𝑗 ̇̂𝒑𝑇𝑖 ∇𝑖𝛹

(

‖𝒑̂𝑖𝑗‖
)

−
𝑁
∑

𝑖=1

𝑁
∑

𝑗=1
𝑎𝑖𝑗 ̇̂𝒑𝑇𝑖

( ̇̂𝒑𝑖 − ̇̂𝒑𝑗
)

− 𝛽𝑖
𝑁
∑

𝑖=1

̇̂𝒑𝑇𝑖 ̇̂𝒑𝑖.

(19)

The representation of the derivative of 𝑉2 in Eq. (18) can be ex-
pressed as

𝑉̇2(𝑡) =
1
2

𝑁
∑

𝑖=1

𝑁
∑

𝑗=1
𝑎𝑖𝑗

[

∇𝑖𝛹
(

‖

‖

‖

𝒑̂𝑖𝑗
‖

‖

‖

)

̇̂𝒑𝑖 + ∇𝑗𝛹
(

‖

‖

‖

𝒑̂𝑖𝑗
‖

‖

‖

)

̇̂𝒑𝑗
]

+
𝑁
∑

𝑖=1

̇̃𝒑𝑇𝑖 Sat𝑖(𝛼𝑖𝒑̃𝑖)

=
𝑁
∑

𝑁
∑

𝑎𝑖𝑗 ̇̂𝒑𝑇𝑖 ∇𝑖𝛹
(

‖

‖

‖

𝒑̂𝑖𝑗
‖

‖

‖

)

+
𝑁
∑

̇̃𝒑𝑇𝑖 Sat𝑖(𝛼𝑖𝒑̃𝑖).

𝑖=1 𝑗=1 𝑖=1

32 
(20)

By using Eqs. (19) and (20), one has

𝑉̇ (𝑡) = −
𝑁
∑

𝑖=1

̇̃𝒑𝑇𝑖 Sat𝑖(𝛼𝑖𝒑̃𝑖) −
𝑁
∑

𝑖=1

̇̂𝒑𝑇𝑖
𝑁
∑

𝑗=1
𝑎𝑖𝑗∇𝑖𝛹

(

‖𝒑̂𝑖𝑗‖
)

−
𝑁
∑

𝑖=1

𝑁
∑

𝑗=1
𝑎𝑖𝑗 ̇̂𝒑𝑇𝑖

( ̇̂𝒑𝑖 − ̇̂𝒑𝑗
)

− 𝛽𝑖
𝑁
∑

𝑖=1

̇̂𝒑𝑇𝑖 ̇̂𝒑𝑖 +
𝑁
∑

𝑖=1

∑

𝑗=1
𝑎𝑖𝑗∇𝑖𝛹

(

‖

‖

‖

𝒑̂𝑖𝑗
‖

‖

‖

)

̇̂𝒑𝑖 +
𝑁
∑

𝑖=1

̇̃𝒑𝑇𝑖 Sat𝑖(𝛼𝑖𝒑̃𝑖)

= − 𝛽𝑖
𝑁
∑

𝑖=1

̇̂𝒑𝑇𝑖 ̇̂𝒑𝑖.

(21)

According to (21), one has 𝑉̇ (𝑡) ≤ 0 and 𝑉 (𝑡) ≤ 𝑉 (0). It is obtained
from Eq. (21) that 𝒑̇𝑖, 𝛷(𝒑̂𝑖), 𝜆(𝒑̃𝑖) ∈ ∞ and ̇̂𝒑𝑖 ∈ 2∩∞. Consequently,
̇̂𝒑𝑖 converges to 𝟎 as 𝑡 tends to infinity. Since 𝛹 (𝒑̂𝑖) is continuously
differentiable and bounded, we have ∇𝑖𝛹 (𝒑̂𝑖) ∈ ∞. Differentiating
Eq. (9) suggests that ⃛̂𝒑𝑖 ∈ ∞ and ̈̂𝒑𝑖 converges to 𝟎 as 𝑡 tends to infinity.
The secondary derivative of Eq. (9) further indicates ⃛̂𝒑𝑖 converges to 𝟎
as 𝑡 tends to infinity. Thus, ̇̃𝒑𝑖 and ∇𝑖𝛹 (‖𝒑̂𝑖‖) converges to 𝟎 as 𝑡 tends to
infinity. The definition of the potential function ensures that ‖𝒑̂𝑖‖ → 𝑑𝑖𝑗 .
Noting that both ̈̂𝒑𝑖 and ̇̂𝒑𝑖 converge to 𝟎, Eq. (9) concludes that 𝒑̃𝑖
converges to 𝟎 as 𝑡 tends to infinity. Overall, ‖𝒑𝑖‖ converges to 𝑑𝑖𝑗 for all
(𝑖, 𝑗) ∈  as 𝑡 tends to infinity, thus achieving the desired configuration.

Step 2: Analysis of connectivity preservation
Given the initial conditions specified in Eq. (9) and Assumption 2,

we determine 𝑉1(0) = 0 and 𝜓𝑖
(

𝒑̃𝑖(0)
)

= 0. Thus,

𝑉 (0) =1
2

𝑁
∑

𝑖=1

𝑁
∑

𝑗=1
𝑎𝑖𝑗𝛹

(

‖

‖

‖

𝒑̂𝑖𝑗
‖

‖

‖

)

< 𝑀𝛹 (𝛥)

≤𝛹 (𝛥) = 𝑃𝑄 = 𝜆min.

(22)

According to Eq. (16) and 𝑉 (𝑡) ≤ 𝑉 (0), one can obtain

𝑉2(𝑡) ≤ 𝑉 (𝑡) ≤ 𝑉 (0) < 𝛹 (𝛥) = 𝑃𝑄 = 𝜆min. (23)

Assuming that the maximum initial distance ‖𝒑̂𝑙𝑚(𝑡)‖ = is less than
𝛥. This results in 𝑉2(𝑡) ≥ 𝛹 (‖𝒑̂𝑙𝑚(𝑡)‖) = 𝑃𝑄, which contradicts with
Eq. (23). Therefore, for any (𝑖, 𝑗) ∈  , ‖𝒑̂𝑖𝑗 (𝑡)‖ < 𝛥. Since 𝛹 (‖𝒑̂𝑖𝑗‖) ≥ 0,
Eqs. (18) and (23) imply 𝜆𝑖

(

𝒑̃𝑖
)

≤ 𝜆min. Lemma 3 guarantees ‖

‖

𝒑̃𝑖(𝑡)‖‖ ≤
(𝜖∕2). Overall, one has
‖𝒑 ‖ ≤ ‖𝒑̂ ‖ + ‖𝒑̃ ‖ + ‖𝒑̃ ‖ ≤ 𝛥 + 2 ⋅ (𝜖∕2) ≤ 𝛥. (24)
‖

‖

𝑖𝑗‖
‖

‖

‖

𝑖𝑗‖
‖

‖ 𝑖‖ ‖

‖

𝑗‖
‖
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Thus, objectives (1) and (2) in Problem 1 are fulfilled, ensuring the
preservation of all communication links between adjacent UAVs. ■

Remark 10. To satisfy the inequality 𝑀𝛹 (𝛥) ≤ 𝑄 as stated in Eq. (14),
r equivalently 𝑀𝛹 (𝛥) ≤ 𝛹 (𝛥), we must consider the monotonicity of

the potential function. This implies that if 𝛥 = 𝛥, there is no solution
o the inequality. Consequently, we select 𝛥 as the upper limit of the
otential function, ensuring that 𝛥 < 𝛥 < 𝛥.

emark 11. The connectivity preservation controller can be designed
s follows:

(1) determine the number of edges 𝑀 based on the structure of
graph;

(2) select 𝑄 to meet the inequality (14);
(3) set 𝑃 by the equality in Eq. (15).

.2. Attitude controller design

The distributed position controller with connectivity preservation is
eveloped in the previous subsection. This subsection proposed a finite-
ime attitude controller. Considering that the connectivity preservation
ontrol requires the realization of communication distance constraints,
apid attitude control becomes essential [34,38]. Notably, finite-time
ontrol offers a distinct advantage due to its swift convergence prop-
rties. A finite-time attitude-tracking controller is proposed in this
ubsection. By solving Eq. (3), the desired attitude and the virtual lift
f the UAVs can be articulated as follows
𝑑
𝑖 = 𝑚𝑖

√

𝑢2𝑖,𝑥 + 𝑢
2
𝑖,𝑦 + 𝑢

2
𝑖,𝑧,

𝜙𝑑𝑖 = arcsin

(

𝑚𝑖
(

𝑢𝑖,𝑥 sin𝜓𝑑𝑖 − 𝑢𝑖,𝑦 cos𝜓𝑑𝑖
)

𝑇 𝑑𝑖

)

,

𝜃𝑑𝑖 = arctan

(

𝑢𝑖,𝑥 cos𝜓𝑑𝑖 + 𝑢𝑖,𝑦 sin𝜓𝑑𝑖
𝑢𝑖,𝑧 + 𝑔

)

.

(25)

Given that 𝜓𝑑 is a free variable, we can simplify the analysis by
setting the desired yaw angle, 𝜓𝑑 , to zero.

The attitude controller is outlined below:

𝜏𝑖,𝜙 = −𝑘1
𝐽𝑖,𝜙
𝑙𝑖

(𝜙𝑖 − 𝜙𝑑𝑖 + sig 𝛾1 (𝜙̇𝑖 − 𝜙̇𝑑𝑖 )) − 𝑘2
𝐽𝑖,𝜙
𝑙𝑖

sig𝛾2
(

𝜙̇𝑖 − 𝜙̇𝑑𝑖
)

+
𝐽𝑖,𝜙
𝑙𝑖
𝜙̈𝑑𝑖 +𝐾𝑖,𝜙𝜙̇

𝑑
𝑖 ,

𝜏𝑖,𝜃 = −𝑘1
𝐽𝑖,𝜃
𝑙𝑖

(𝜃𝑖 − 𝜃𝑑𝑖 + sig 𝛾1 (𝜃̇𝑖 − 𝜃̇𝑑𝑖 )) − 𝑘2
𝐽𝑖,𝜃
𝑙𝑖

sig𝛾2
(

𝜃̇𝑖 − 𝜃̇𝑑𝑖
)

+
𝐽𝑖,𝜃
𝑙𝑖
𝜃̈𝑑𝑖 +𝐾𝑖,𝜃 𝜃̇𝑑𝑖 ,

𝜏𝑖,𝜓 = −𝑘1𝐽𝑖,𝜓 𝑐𝑖(𝜓𝑖 − 𝜓𝑑𝑖 + sig 𝛾1 (𝜓̇𝑖 − 𝜓̇𝑑𝑖 )) − 𝑘2
𝐽𝑖,𝜓
𝑐𝑖

sig𝛾2
(

𝜓̇𝑖 − 𝜓̇𝑑𝑖
)

+
𝐽𝑖,𝜓
𝑐𝑖
𝜓̈𝑑𝑖 +

𝐾𝑖,𝜓
𝑐𝑖

𝜓̇𝑑𝑖 ,

(26)

where sig𝛼(𝑥) = sign(𝑥)|𝑥|𝛼 and 𝛼 > 0.
Now, we have the following result.

Theorem 2. For the attitude dynamic model as described in Eq. (5), if
we apply the controller defined in Eq. (26) and guarantee the parameters
satisfy 𝑡ℎ𝑒𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠0 < 𝛾1 < 1, 𝛾2 = 2𝛾1∕

(

1 + 𝛾1
)

, 𝑘1 > 0, 𝑘2 > 0,
hen we can achieve desired attitude tracking within a finite time, that is,
𝜙𝑖, 𝜃𝑖, 𝜓𝑖

)𝑇
→

(

𝜙𝑑𝑖 , 𝜃
𝑑
𝑖 , 𝜓

𝑑
𝑖
)𝑇 as 𝑡 → ∞.

roof. Due to the similarity in control methods for roll, pitch, and
aw angles, we will focus on demonstrating the convergence proof
xclusively for the roll angle. The tracking error is expressed as follows:

𝑑

𝑖,𝜙 = 𝜙𝑖 − 𝜙𝑖 , 𝑖 = 1, 2......𝑁. (27)

33 
By differentiating Eq. (27), one can obtain

̇ 𝑖,𝜙 = 𝜙̇𝑖 − 𝜙̇𝑑𝑖 ,

𝑒𝑖,𝜙 = 𝜙̈𝑖 − 𝜙̈𝑑𝑖 .
(28)

By using controller (26), the dynamics (5) can be deduced as

𝜙̈𝑖 =
𝑙𝑖
𝐽𝑖,𝜙

(−𝑘1
𝐽𝑖,𝜙
𝑙𝑖

(𝑒𝑖,𝜙 + sig 𝛾1 (𝑒̇𝑖,𝜙)) − 𝑘2
𝐽𝑖,𝜙
𝑙𝑖

sig𝛾2
(

𝜙̇𝑖 − 𝜙̇𝑑𝑖
)

+
𝐽𝑖,𝜙
𝑙𝑖
𝜙̈𝑑𝑖 +𝐾𝑖,𝜙𝜙̇

𝑑
𝑖 ) −

𝐾𝑖,𝜙𝑙𝑖
𝐽𝑖,𝜙

𝜙̇𝑖 (29)

Substituting (29) into (28) yields

𝑒𝑖,𝜙 =
𝑙𝑖
𝐽𝑖,𝜙

(−𝑘1
𝐽𝑖,𝜙
𝑙𝑖

(𝑒𝑖,𝜙 + sig 𝛾1 (𝑒̇𝑖,𝜙)) − 𝑘2
𝐽𝑖,𝜙
𝑙𝑖

sig𝛾2
(

𝜙̇𝑖 − 𝜙̇𝑑𝑖
)

+
𝐽𝑖,𝜙
𝑙𝑖
𝜙̈𝑑𝑖 +𝐾𝑖,𝜙𝜙̇

𝑑
𝑖 ) −

𝐾𝑖,𝜙𝑙𝑖
𝐽𝑖,𝜙

𝜙̇𝑖 − 𝜙̈𝑑𝑖

= −𝑘1(𝑒𝑖,𝜙 + sig 𝛾1 (𝑒̇𝑖,𝜙)) − 𝑘2sig
𝛾2
(

𝑒̇𝑖,𝜙
)

−
𝑙𝑖𝐾𝑖,𝜙
𝐽𝑖,𝜙

𝑒̇𝑖,𝜙

(30)

The Lyapunov function is designed as

𝑊 = 1
2
𝑒̇2𝑖,𝜙 + 1

2
𝑘1𝑒𝑖,𝜙

2 (31)

where 𝑘1 > 0.
The derivative of (31) is

𝑊̇ = 𝑒̇𝑖,𝜙𝑒𝑖,𝜙 + 𝑘1𝑒̇𝑖,𝜙𝑒𝑖,𝜙 (32)

Proving the stability of a finite-time controller involves two steps:
(1) Demonstrating that system (28) exhibits global asymptotic stability;
(2) Establishing the finite-time stability of the attitude system described
in Eq. (28).

Step 1: Global asymptotic stability analysis.
Substituting (30) into (32) leads to

𝑊̇ = 𝑒̇𝑖,𝜙𝑒𝑖,𝜙 + 𝑘1𝑒̇𝑖,𝜙𝑒𝑖,𝜙

= 𝑒̇𝑖,𝜙(−𝑘1(𝑒𝑖,𝜙 + sig 𝛾1 (𝑒̇𝑖,𝜙)) − 𝑘2sig
𝛾2
(

𝑒̇𝑖,𝜙
)

−
𝑙𝑖𝐾𝑖,𝜙
𝐽𝑖,1

𝑒̇𝑖,𝜙) + 𝑘1𝑒̇𝑖,𝜙𝑒𝑖,𝜙

= −𝑒̇𝑖,𝜙(𝑘1 sig 𝛾1 (𝑒̇𝑖,𝜙) + 𝑘2sig
𝛾2
(

𝑒̇𝑖,𝜙
)

+
𝑙𝑖𝐾𝑖,𝜙
𝐽𝑖,1

𝑒̇𝑖,𝜙)

= −𝑘1
|

|

|

𝑒̇𝑖,𝜙
|

|

|

𝛾1+1 − 𝑘2
|

|

|

𝑒̇𝑖,𝜙
|

|

|

𝛾2+1 −
𝑙𝑖𝐾𝑖,𝜙
𝐽𝑖,𝜙

𝑒̇2𝑖,𝜙

(33)

In order to analyze the stability of attitude subsystem, two cases
̇ 𝑖,𝜙 ≠ 0 and 𝑒̇𝑖,𝜙 = 0, will be considered.

(1) If 𝑒̇𝑖,𝜙 ≠ 0, system (33) clearly satisfies 𝑊̇ < 0, so system (28) is
table.

(2) If 𝑒̇𝑖,𝜙 = 0, we can define the invariant set as 𝛹 = {(𝑒𝑖,𝜙, 𝑒̇𝑖,𝜙)|𝑊𝑔 ≡
}. Clearly, if and only if 𝑒̇𝑖,𝜙 ≡ 0, 𝑒𝑖,𝜙 ≡ 0, 𝑊̇ ≡ 0. By applying LaSalle’s
nvariance principle, we have (𝑒𝑖,𝜙, 𝑒̇𝑖,𝜙) → 0 as 𝑡 → 0. Consequently, it
s affirmed that system (28) exhibits global asymptotic stability.

Step 2: The finite-time stability analysis.
Reformulating the system (28) as follows:

̇ 𝑖,𝜙 = 𝜙̇𝑖 − 𝜙̇𝑑𝑖

𝑒𝑖,𝜙 = −𝑘1
|

|

|

𝑒̇𝑖,𝜙
|

|

|

𝛾1+1 − 𝑘2
|

|

|

𝑒̇𝑖,𝜙
|

|

|

𝛾2+1 + 𝑓 (𝑒̇𝑖,𝜙)
(34)

here 𝑓 (𝑒̇𝑖,𝜙) = −𝐾𝑖,𝜙𝑙𝑖
𝐽𝑖,𝜙

𝑒̇𝑖,𝜙.
Substituting the linear part of system (34) into (32), we have

𝑊̇ = 𝑒̇𝑖,𝜙𝑒𝑖,𝜙 + 𝑘1𝑒̇𝑖,𝜙𝑒𝑖,𝜙
= −𝑒̇𝑖,𝜙(𝑘1 sig 𝛾1 (𝑒̇𝑖,𝜙) + 𝑘2sig

𝛾2
(

𝑒̇𝑖,𝜙
)

)

= −𝑘1
|

|

|

𝑒̇𝑖,𝜙
|

|

|

𝛾1+1 − 𝑘2
|

|

|

𝑒̇𝑖,𝜙
|

|

|

𝛾2+1
(35)

Similar to the first step, the linear part of system (35) is asymp-
( )
totically stable. Because 0 < 𝛾1 < 1, 𝛾2 = 2𝛾1∕ 1 + 𝛾1 , the linear part
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of system (35) is homogeneous of degree ℎ = (𝛾1−1)
2 < 0 concerning

ilation 𝑠1 = 1, 𝑠2 =
(𝛾1+1)

2 .
For the nonlinear part of the system (35), it satisfies Lemma 2. For

ny 𝑒̇𝑖,𝜙 ≠ 0, it has

lim
→0

𝑓
(

𝜀𝑠2 𝑒̇𝑖,𝜙
)

𝜀𝑠2+ℎ
= lim
𝜀→0

−𝐾𝑖,𝜙𝑙𝑖
𝐽𝑖,𝜙

𝜀𝑠2 𝑒̇𝑖,𝜙

𝜀𝑠2+ℎ

= lim
𝜀→0

(

−
𝐾𝑖,𝜙𝑙𝑖
𝐽𝑖,𝜙

𝜀−ℎ𝑒̇𝑖,𝜙

)

= 0.

(36)

By Lemma 2, the system (34) exhibits local finite-time stability.
Overall, the characteristics of the system (28) include both global
asymptotic stability and local finite-time stability. These features to-
gether contribute to the global finite-time stability of the attitude
controller. ■

Remark 12. Since explicit expressions for the desired attitude angular
velocity and angular acceleration are not provided, they are determined
within the application using a differentiator.

Remark 13. The attitude controller presented in this paper op-
erates within a finite time frame but may face challenges due to
frictional oscillations. The control of fractional-order systems charac-
terized by input saturation and unknown nonlinear time delays was
studied in [39,40]. This approach successfully alleviates issues related
to both frictional oscillations and unknown disturbances.

Remark 14. The stability of the position controller was established
in the previous subsection, and the attitude controller was stabilized
in this subsection. In conclusion, the connectivity preserving control
law for multiple UAVs introduced in this paper effectively preserves
the graph’s connectivity.

4. Simulations

In this section, we assess the effectiveness of the proposed connec-
tivity preservation control method through numerical simulations. This
section contains two primary subsections: the first involves simulation
experiments conducted with a group of five UAVs, and the second
entails a comparative simulation between the proposed method and
another previously proposed method [22].

4.1. Simulation of five UAVs

Consider a simulation with five UAVs, where 𝑚𝑖 = 0.5 kg, 𝐿𝑖 =
[𝑙𝑖, 𝑙𝑖]⊤ = [0.3, 0.3]⊤, 𝐽𝑖 = [𝐽𝑖,𝜙, 𝐽𝑖,𝜃 , 𝐽𝑖,𝜓 ]⊤ = [0.0025, 0.0027, 0.0028]⊤,
𝐾𝑖 = [𝐾𝑖,𝜙, 𝐾𝑖,𝜃 , 𝐾𝑖,𝜓 ]⊤ = [0.01, 0.01, 0.01]⊤, 𝑐𝑖 = 0.3, 𝑖 = 1, 2, 3, 4, 5. Five
UAVs’ initial positions are 𝒑1(0) = [10, 0, 2]⊤ m, 𝒑2(0) = [−2, 5, 1]⊤m,
𝒑3(0) = [−1,−2, 1]⊤ m, 𝒑4(0) = [−9, 2, 1]⊤ m, 𝒑5(0) = [−10,−7, 1]⊤ m.
The initial velocities are 𝒗𝑖(0) = [0, 0, 0]⊤ (m/s), 𝑖 = 1, 2, 3, 4, 5. The
desired relative positions are 𝒑𝑑1 = [0, 0, 0], 𝒑𝑑2 = [−10, 10, 0], 𝒑𝑑3 =
[−10,−10, 0], 𝒑𝑑4 = [−20, 10, 0], 𝒑𝑑5 = [−20,−10, 0], and the desired
distances are given as 𝒅 = [𝑑12, 𝑑13, 𝑑14, 𝑑15] = [10

√

2, 10
√

2, 10
√

5,
0
√

5] m. The communication radius of each UAV is 𝛥 = 35 m. The
nitial attitudes are 𝜱𝑖(0) = [0, 0, 0]⊤, 𝑖 = 1, 2, 3, 4, 5, the attitude angular

velocities are 𝝎𝑖(0) = [0, 0, 0]⊤, 𝑖 = 1, 2, 3, 4, 5. The input saturation
constraint in each direction is 𝒖𝑖 = [0.5, 0.5, 0.5]𝑇 N. The radius for
connectivity preserving is 𝛥 = 35. It is clear that the above conditions
can fully satisfy Assumptions 1–4. Select 𝑄 = 125000, 𝑃 = 0.000001,
𝛼 = 0.2, 𝛽 = 0.1 as the control gain of the formation controller (9),
(11), and (13). The control parameters (26) are set as follows: 𝑘1 = 5,
𝑘2 = 5.5, 𝛾1 = 0.6, 𝛾2 = 0.75. Fig. 3 illustrates the graph of the five
UAVs.

Fig. 4 presents the distances between UAV 1 and other UAVs, where

the red line marks the maximum communication range, and the black

34 
Fig. 4. The distances between UAVs.

Fig. 5. The distances between UAVs and proxies.

line indicates the minimum collision avoidance distance for the UAVs.
The figure shows that the distances ‖𝒑12‖, ‖𝒑13‖, ‖𝒑14‖, ‖𝒑15‖ remain
below the UAVs’ maximum communication range, thereby preserving
graph connectivity. Fig. 5 reveals that the UAV–proxy distance errors
do not exceed 6 m and eventually reduce to zero. Fig. 6 signifies that
the UAVs’ velocities ultimately reduce to zero. Furthermore, Fig. 7
confirms that the UAV–proxy velocity errors also eventually diminish to
zero, affirming that the UAV’s velocities successfully track those of their
virtual proxies. Fig. 8 displays the virtual control inputs exerted on each
UAV, highlighting that the maximum amplitude of these control inputs
stays below 0.5 N, thus adhering to the specified saturation constraints.

Fig. 9 shows that attitude angles converge to zero. Since the control
force applied is maintained under 0.5 N, suggesting that the required
lifts and attitudes adjustments are minimal, thereby leading to modest
alterations in the angles. Fig. 10 reveals a trend where the attitude
angular error progressively diminishes to zero, confirming that the atti-
tude angles align effectively with the desired values. This reinforces the
observation that the attitude angles stabilize to their desired attitude.

4.2. Comparison with related literature

In this subsection, we use the same initial conditions to compare the
connectivity preservation control algorithm, based on indirect coupling
proposed in this paper, with the method outlined in [22]. We will
choose three UAVs for numerical simulation, and the initial conditions
are set as follows: 𝒑1(0) = [10, 0, 2]⊤ m, 𝒑2(0) = [−2, 5, 1]⊤m, 𝒑3(0) =
−1,−2, 1 ⊤ m, 𝒗 (0) = −2, 0.1, 0 ⊤ (m/s), 𝒗 (0) = 3, 0.4, 0 ⊤ (m/s),
[ ] 1 [ ] 2 [ ]
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Fig. 6. The velocities of UAVs.

Fig. 7. The velocity errors between UAVs and proxies.

Fig. 8. The virtual control inputs.

3(0) = [7, 0.1, 0]⊤ (m/s). The radius for connectivity preserving is 𝛥 =
5. Fig. 11 illustrates the graph of the three UAVs.

The desired formation is given as follows:

𝑑
12 = [−10 cos

( 5𝜋
6

)

, 0, 10 − 10 sin
(−𝜋

6

)

]𝑇 ,

𝒑𝑑13 = [−10 cos
(−𝜋

6

)

, 0, 10 − 10 sin
(−𝜋

6

)

]𝑇 ,

𝒑𝑑23 =
[

10 cos
(5𝜋

6

)

− 10 cos
(−𝜋

6

)

, 0, 10 sin
(−𝜋

6

)

− 10 sin
(−𝜋

6

)]𝑇
.

(37)
35 
Fig. 9. The attitude of five UAV.

Fig. 10. The attitude tracking errors.

Fig. 11. The graph  of the three UAVs.

rom this one can obtain that the desired formation distances are 𝒅𝑖𝑗 =
𝑑12, 𝑑13, 𝑑23] = [10

√

3, 10
√

3, 10
√

3].

The control method in [22] is :

𝑢𝑖,𝑥 = −
∑

𝑗∈𝑁𝑖

𝑎𝑖𝑗
[

𝑘1𝜒
(

‖

‖

‖

𝑥𝑖 − 𝑥𝑗 − 𝑝𝑑𝑖𝑗
‖

‖

‖

)(

𝑥𝑖 − 𝑥𝑗 − 𝑝𝑑𝑖𝑗,𝑥
)

+𝑘2
(

𝑥̇𝑖 − 𝑥̇𝑗
)]

,

𝑢𝑖,𝑦 = −
∑

𝑗∈𝑁𝑖

𝑎𝑖𝑗
[

𝑘1𝜒
(

‖

‖

‖

𝑥𝑖 − 𝑦𝑗 − 𝑝𝑑𝑖𝑗
‖

‖

‖

)(

𝑥𝑖 − 𝑦𝑗 − 𝑝𝑑𝑖𝑗,𝑦
)

+𝑘2
(

𝑦̇𝑖 − 𝑦̇𝑗
)]

,

𝑢𝑖,𝑧 = −
∑

𝑗∈𝑁𝑖

𝑎𝑖𝑗
[

𝑘1𝜒
(

‖

‖

‖

𝑧𝑖 − 𝑧𝑗 − 𝑝𝑑𝑖𝑗
‖

‖

‖

)(

𝑧𝑖 − 𝑧𝑗 − 𝑝𝑑𝑖𝑗,𝑧
)

+𝑘2
(

𝑧̇𝑖 − 𝑧̇𝑗
)]

.

(38)
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Fig. 12. The distance between UAVs.
Fig. 13. The final communication topology.
M

where 𝜒(‖‖
‖

𝒑𝑖 − 𝒑𝑗 − 𝒑𝑑𝑖𝑗
‖

‖

‖

) = 𝜑(‖‖
‖

𝒑𝑖 − 𝒑𝑗 − 𝒑𝑑𝑖𝑗
‖

‖

‖

, 𝛥 − ‖

‖

‖

𝒑𝑑𝑖𝑗
‖

‖

‖

). The potential

function 𝜑(𝑥,𝑅) in is designed as follows [22]:

𝜑(𝑥,𝑅) =

⎧

⎪

⎨

⎪

⎩

6
𝑅
, 𝑥 ∈ [0, 𝑅

2
),

2𝑅 − 𝑥
(𝑅 − 𝑥)2

, 𝑥 ∈ [𝑅
2
, 𝑅).

The control gains of formation controllers (38) is chosen as follows:
1 = 2.2, 𝑘2 = 1.5.

Fig. 12(a) how the distances between the UAVs evolve when sat-
ration actuation is integrated into the controller described in [22].
otably, the distances ‖𝒑13‖ and ‖𝒑23‖ exceed the maximum communi-
ation distance 𝛥 during the formation process, leading to UAV 3 losing
ts links with both UAV 1 and UAV2. As depicted in Fig. 13(a), given the
nitial communication topology of the experiment, UAV 3 becomes an
solated point in the communication topology when it disconnects from
AV 1 and UAV 2, thereby disrupting the communication topology

connectivity. Conversely, under identical initial conditions, the con-
troller developed in this study ensures that the distances between the
UAVs, as shown in Fig. 12(b), consistently remain within the designated
maximum communication range, preserving network connectivity. The
communication graph in Fig. 13(b) further verifies that the entire
communication network remains connected. Therefore, the controller
developed in this paper is proven to be more effective in preserving
network connectivity compared to the strategy used in [22].

5. Conclusions

The paper presents an innovative distributed controller with con-

nectivity preservation for multiple UAVs under input saturation. By

36 
contrast with the existing literature, our controller can preserve the
UAV network connectivity even though the graph is initially assumed
to be connected. The controller achieves this by applying an indirect
coupling framework, ensuring that actuator saturation constraints are
consistently met. A significant strength of this study is the creation of a
multi-UAV formation control algorithm that simultaneously addresses
input saturation and connectivity preservation. This allows the method
to ensure the connectivity of the topological network even under
scenarios of limited actuator capacity, proving especially beneficial for
the cooperative control of small UAVs in formation. One limitation of
the current study is its focus on undirected communication networks.
Future research is planned to explore the challenges and solutions for
preserving connectivity in directed graph networks, particularly under
conditions of actuator saturation. This development could enhance the
applicability and robustness of UAV cooperative control systems.
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